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ON THE LENGTH FUNCTION OF SATURATIONS OF IDEAL POWERS
ĐOÀN TRUNG CƯỜNG, PHẠM HỒNG NAM, AND PHẠM HÙNG QUÝ
ABSTRACT. For an ideal I in a local ring (R,m), we prove that the integer-valued
function ℓR(H
0
m(R/I
n+1)) is a polynomial for n big enough if either I is a princi-
ple ideal or I is generated by part of an almost p-standard system of parameters.
Furthermore, we are able to compute the coefficients of this polynomial in terms
of length of certain local cohomology modules and usual multiplicity if either the
ideal is principal or it is generated by part of a standard system of parameters in a
generalized Cohen-Macaulay ring. We also give an example of an ideal generated
by part of a system of parameters such that the function ℓR(H
0
m(R/I
n+1)) is not
a polynomial for n≫ 0.
1. INTRODUCTION
Let (R,m) be a Noetherian local ring and I ⊂ R be an ideal. There is a numerical
function attached to I,
h0I : Z≥0 → Z≥0, n 7→ ℓR(H
0
m(R/I
n+1)).
If I is m-primary then h0I(n) = ℓ(R/I
n+1) is the Hilbert-Samuel function. So it is of
polynomial type, that means, there is a polynomial HI(n) such that h
0
I(n) = HI(n)
for all n ≫ 0. For a general ideal I, it is natural to ask whether the function h0I(n)
is of polynomial type. Unfortunately, it is not always the case. In [18] Ulrich and
Validashti proved that the limit
lim sup
n
d!
h0I(n)
nd
,
is a finite number. They showed that this limit can be considered as a generalization
of the Buchsbaum-Rim multiplicity and called it the ǫ-multiplicity. This numerical
invariant ǫ-multiplicity is denoted by ǫ(I) and is very useful in the theory of equi-
singularity (see [14]). Nevertheless, Cutkosky, Ha, Srinivasan and Theodorescu [9,
Theorem 2.2] gave an interesting example of a 4-dimensional local ring R and an
ideal I such that
ǫ(I) = lim
n→∞
4!
h0I(n)
n4
,
is an irrational number. Thus in this example h0I(n) is not of polynomial type. So
the answer to the previous question is no in general.
In this short note, we address the question under which assumption the function
h0I(n) is of polynomial type, that is, there is a polynomial PI(n) such that h
0
I(n) =
PI(n) for all n ≫ 0. Note that H0m(R/I
n) = ∪s>0(In :R ms)/In. As the main
results, we will show that h0I(n) is of polynomial type in the following cases:
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(a) The ideal I is principal (Theorem 2.2);
(b) R is unmixed and the ideal I is generated by part of an almost p-standard
system of parameters of R (Theorem 3.7).
For the case (a), when I is a principle ideal, the main idea of the proof is to
relate the function h0I(n) to the Hilbert functions of some Artinian modules arising
from the first local cohomology module of R. In this case the leading coefficient of
the corresponding polynomial is expressed precisely in terms of usual multiplicity
and length of certain local cohomology modules.
In the case (b), we consider those ideals generated by part of an almost p-
standard system of parameters. The later notion was introduced by the first two
authors in [4]. We will show that h0I(n) = ℓR(J
n+1/In+1) for an ideal J such that
I is a reduction of J and ℓR(J/I) is finite. Then a theorem of Amao [1] concludes
that there is a polynomial PI(n) such that h
0
I(n) = PI(n) for all n ≫ 0. It should
be remarked that h0I(n) and PI(n) are also called the Rees function and Rees poly-
nomial of the pair (I, J) by Herzog-Puthenpurakal-Verma [10]. If I is generated by
part of a standard system of parameters, we are able to give a precise formula for
PI(n) (Theorem 3.10).
Relying on the example of Cutkosky, Ha, Srinivasan and Theodorescu [9, The-
orem 2.2], we give an example of an ideal I generated by part of a system of
parameters such that the function h0I(n) is not of polynomial type (Example 3.11).
The article consists of three sections. We treat the case of principal ideals in
Section 2. Ideals generated by part of a system of parameters are considered in
Section 3.
Throughout this note, (R,m) is always a Noetherian local ring.
2. LENGTH FUNCTION OF SATURATIONS OF POWERS OF A PRINCIPAL IDEAL
In this section we study the existence of a saturated Hilbert polynomial of the
ring R with respect to a principal ideal. Before stating the main result of this
section, we first recall several facts about Hilbert functions and multiplicities of
Artinian modules from [13, 8] which will be used in the subsequent section.
Remark 2.1. Let A be an Artinian R-module and I ⊂ R be a proper ideal. Suppose
that 0 :A I is of finite length.
(a) Kirby [13, Proposition 2] proved that the module 0 :A I
n+1 is also of finite
length for any n ≥ 0 and moreover, there is a polynomial PA,I(n) such that
PA,I(n) = ℓR(0 :A I
n+1) for all n ≫ 0. The degree of PA,I(n) is bounded
above by µ(I).
(b) (See [8]) The multiplicity e′(I;A) of the Artinian module A with respect to
I is defined such that d!e′(I;A) is the leading coefficient of the polynomial
PA,I(n), here d is the degree of PA,I(n). Given a short exact sequence of
Artinian modules
0→ A1 → A→ A2 → 0,
we have e′(I, A) = δdd1e
′(I, A1) + δdd2e
′(I, A2), where di is the degree of
the polynomial PI,Ai(n) and δddi is the Kronecker delta, i = 1, 2.
(c) Assume that R is a homomorphic image of a Cohen-Macaulay local ring.
Equivalently, as shown in [12] (see also [7]), R is universally catenary
and all its formal fibers are Cohen-Macaulay. In [3] Brodmann and Sharp
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defined the i-th pseudo-support of R to be the set
Psuppi(R) = {p ∈ Spec(R) : H
i−dimR/p
pRp
(Rp) 6= 0}.
In particular, Psupp1(R) = {m} ∪ {p : dimR/p = 1 and H0
pRp
(Rp) 6= 0}.
Put psdi(R) = max{dimR/p : p ∈ Psuppi(R)}. They then showed that
(see [3, Theorem 2.4])
e′(I;Him(R)) =
∑
p∈Psuppi(R)
dimR/p=psdi(R)
ℓRp(H
i−dimR/p
pRp
(Rp))e(I, R/p).
The main result of this section is the following theorem
Theorem 2.2. Let I = aR be a principal ideal of R. There is a polynomial PI(n) with
degPI(n) ≤ 1 such that PI(n) = h
0
I(n) for all n≫ 0.
Proof. As R is Noetherian, there is a number t > 0 such that 0 :R a
t = 0 :R a
n+t+1
for any n ≥ 0. The short exact sequence
0 −→ R/0 :R a
t ∗a
n+t+1
−−−−−−→ R −→ R/an+t+1R −→ 0,
leads to an exact sequence of local cohomology modules
0 −→ H0m(R/0 :R a
t)
∗an+t+1
−−−−−−→ H0m(R) −→ H
0
m(R/a
n+t+1R)
−→ H1m(R/0 :R a
t)
ψn+t+1
−−−−−→ H1m(R) −→ . . . .
Here H0m(R/0 :R a
t) = 0 as a is a regular element on R/0 :R a
t. The map ψn+t+1 is
derived from the multiplication by an+t+1 on R. We get
h0I(n+ t) = ℓ(Kerψn+t+1) + ℓR(H
0
m(R)).
From the commutative triangle
R/0 :R a
t ∗a
n+t+1
//
∗an+1 ''◆◆
◆◆
◆◆
◆◆
◆◆
◆
R
R/0 :R a
t
∗at
::
✉✉✉✉✉✉✉✉✉✉
there induces a commutative triangle of local cohomology modules
H1m(R/0 :R a
t)
ψn+t+1
//
∗an+1 ))❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
H1m(R).
H1m(R/0 :R a
t)
ψt
77♥♥♥♥♥♥♥♥♥♥♥♥
Hence Ker(ψn+t+1) = Ker(ψt) :A a
n+1, where A = H1m(R/0 :R a
t) is an Artinian
module (see, for example, [2, Theorem 7.1.3]). Let A¯ = A/Ker(ψt). We obtain
h0I(n+ t) = ℓ(0 :A¯ a
n+1) + ℓ(Kerψt) + ℓR(H
0
m(R)),
for any n ≥ 0. Since the module A¯ is Artinian, the conclusion is implied from
Remark 2.1(a). 
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Let I be a principal ideal and let PI(n) be the polynomial in Theorem 2.2 so that
PI(n) = h
0
I(n) for all n ≫ 0. We have seen in the proof of Theorem 2.2, the poly-
nomial PI(n) is closely related to a Hilbert polynomial of a first local cohomology
module, thus, an Artinian module. Since degPI(n) ≤ 1, if the dimension of R is
bigger than 1 then
lim
n
d!
PI(n)
nd
= 0.
So the ǫ-multiplicity of R with respect to a principal ideal is zero.
In the next, we will investigate more on the coefficients of the polynomials PI(n).
We write
PI(n) = ne
sat
0 (a;R) + e
sat
1 (a;R),
where I = aR and the coefficients esat0 (a;R), e
sat
1 (a;R) are integers. We will show
that the leading coefficient esat0 (a;R) could be expressed explicitly by means of
usual multiplicities and length of certain local cohomology modules. We need first
a lemma.
Lemma 2.3. Denote Ass(R)1 = {p ∈ Ass(R) : dimR/p = 1}. Then
Ass(R)1 = Psupp
1(R) \ {m}.
Proof. Let p be a prime ideal of dimension 1. Then H0
pRp
(Rp) 6= 0 if and only if pRp
is an associated prime ideal of Rp. This turns out to be equivalent to that p is an
associated prime ideal of R. 
From now on, we will need to assume that R is a quotient of a Cohen-Macaulay
local ring.
Theorem 2.4. Let R be a quotient of a Cohen-Macaulay Noetherian local ring. Let
I = aR be a principal ideal of R. We have
esat0 (a;R) =
∑
p∈Ass(R)1\V (I)
ℓRp(H
0
pRp(Rp))e(a;R/p).
Proof. Using the notations in the proof of Theorem 2.2, from the equality
h0I(n+ t) = ℓ(0 :A¯ a
n+1) + ℓ(Kerψt) + ℓR(H
0
m(R)),
where A = H1m(R/0 :R a
t) and A¯ = A/Ker(ψt), we get that
esat0 (a;R) = e
′(a; A¯) = e′(a;H1m(R/0 :R a
t)/Ker(ψt)).
Since the module Ker(ψt) is of finite length as it is the image of the connecting map
H0m(R/a
tR)→ H1m(R/0 :R a
t), Remark 2.1(b) gives us
esat0 (a;R) = e
′(a;H1m(R/0 :R a
t)).
Using Brodmann-Sharp’s associativity formula for multiplicities of local cohomol-
ogy modules in Remark 2.1(c) we have
e′(a,H1m(R/0 :R a
t)) =
∑
p∈Psupp1(R/0:Ra
t)
p 6=m
ℓRp(H
0
pRp(Rp/(0 :R a
t)p))e(a;R/p).
Now the inclusion R/0 :R a
t ∗a
t
−→ R leads to an inclusion Psupp1(R/0 :R at) ⊆
Psupp1(R). Take a prime ideal p ∈ Psupp1(R) with dimR/p = 1. If a 6∈ p then
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(0 :R a
t)p = 0 and Rp ≃ (R/0 :R at)p. So H0pRp(Rp) ≃ H
0
pRp
((R/0 :R a
t)p). This
implies that
Psupp1(R) \ V (I) = Psupp1(R/0 :R a
t) \ V (I).
On the other hand, if a ∈ p then a is a regular element on R/0 :R at, hence
a
1
is a regular element on (R/0 :R a
t)p. This shows particularly that H
0
pRp
((R/0 :R
at)p) = 0 and thus
Psupp1(R/0 :R a
t) \ V (I) = Psupp1(R/0 :R a
t) \ {m}.
Therefore we get
esat0 (a;R) =
∑
p∈Psupp1(R/0:Ra
t)
p 6=m
ℓRp(H
0
pRp(Rp/(0 :R a
t)p))e(a;R/p)
=
∑
p∈Psupp1(R/0:Ra
t)
p 6∈V (I)
ℓRp(H
0
pRp(Rp/(0 :R a
t)p))e(a;R/p)
=
∑
p∈Psupp1(R)\V (I)
ℓRp(H
0
pRp(Rp))e(a;R/p)
=
∑
p∈Ass(R)1\V (I)
ℓRp(H
0
pRp(Rp))e(a;R/p),
as required, here the last equality follows from Lemma 2.3. 
A direct consequence of Theorem 2.4 is that the saturated Hilbert polynomial
PI(n) is of degree one if and only if Ass(R)1 \ V (I) 6= ∅, or equivalently, a is
in some associated prime ideal of dimension one. In the next, for a given ring
R and let a vary, we consider the two extremal cases: Ass(R)1 \ V (I) = ∅ and
Ass(R)1 \ V (I) = Ass(R)1.
Corollary 2.5. Let a ∈ m and let t > 0 such that 0 :R a
n+t+1 = 0 :R a
t for all n ≥ 0.
(i) If a is a filter-regular element of R then
esat0 (a;R) = e
′(a;H1m(R)).
The right hand side is the multiplicity of a local cohomology module defined in
Remark 2.1(b).
(ii) The element a is in the radical of AnnRH
1(R) if and only if esat0 (a;R) = 0. In
that case,
PI(n) = ℓ(H
1
m(R/0 :R a
t)) + ℓ(H0m(R)),
is a constant polynomial.
Proof.
(i) Since a is a filter-regular element of R, it is obvious that 0 :H1
m
(R) a is of finite
length, thus the multiplicity e′(a;H1m(R)) is determined by Remark 2.1(b).
On the other hand, being a filter-regular element of R means that a 6∈ p for any
associated prime ideal p 6= m. So Ass(R)1 \ V (I) = Ass(R)1. From Theorem 2.4
and the associativity formula in Remark 2.1(c) we obtain the equality esat0 (a;R) =
e′(a;H1m(R)).
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(ii) By Theorem2.4, the leading coefficient esat0 (a;R) vanishes if and only ifAss(R)1 ⊆
V (I). For the necessary condition, we take an associated prime ideal p ∈ Ass(R)1.
There is an inclusion ψ : R/p →֒ R which give an exact sequence
H0m(Cokerψ)→ H
1
m(R/p)→ H
1
m(R).
Since a is in the radical ofAnnRH
1
m(R), the exact sequence implies that a
sH1(R/p) =
0 for some s ≫ 0. This implies in particular that a ∈ p since dimR/p = 1. Hence
Ass(R)1 ⊆ V (I).
Conversely, suppose Ass(R)1 ⊆ V (I). Since R is a homomorphic image of a
Cohen-Macaulay local ring, by [3, Proposition 2.5], we have
V (AnnRH
1
m(R)) =
⋃
p∈Ass(R)
dimR/p≤1
V (p) ⊆ V (I).
So I ⊆
√
AnnRH1m(R). 
If R is a homomorphic image of a Gorenstein local ring (R′,m′), then the coeffi-
cient esat0 (a;R) could be computed as a multiplicity of the first module of deficiency
K1(R) = Extd
′−1
R′ (R,R
′), where d′ = dimR′. The module of deficiency K1(R) is a
finitely generated R-module which is dual toH1m(R) via the Local Duality Theorem
[2, 11.2.6].
Corollary 2.6. Let (R,m) be a homomorphic image of a Gorenstein local ring. Let
I = aR be a principal ideal. We have
esat0 (a;R) = e(a;K
1(R)),
where the multiplicity on the right hand side is defined by
e(a;K1(R)) =
∑
p∈AssK1(R)\V (I)
dimR/p=1
ℓRp(K
1(R)p)e(a;R/p).
Proof. Following [3, Proposition 1.2], we have Psupp1(M) = SuppK1(R) be-
ing a closed subset of SpecR of dimension at most 1. Moreover, for a prime
ideal p ∈ Psupp1(R)1 = SuppK1(R)1 = AssK1(R)1, we have ℓRp(H
0
pRp
(Rp)) =
ℓRp(K
1(R)p). The conclusion is therefore a consequence of Theorem 2.4. 
3. IDEALS GENERATED BY PART OF A SYSTEM OF PARAMETERS
In this section we consider the ideals I generated by part of a system of pa-
rameters and study whether the function h0I(n) is of polynomial type. In the first
part of the section, we restrict ourself to the case of almost p-standard systems of
parameters which are defined in [4].
We recall the definition of almost p-standard system of parameters.
Definition 3.1. [4, Definition 2.1] Let M be a finitely generated R-module of di-
mension d. A system of parameters x1, . . . , xd ofM is a called an almost p-standard
system of parameters if there are given integers λ0, . . . , λd such that
ℓR(M/(x
n1
1 , . . . , x
nd
d )M) =
d∑
i=0
n1 . . . niλi,
for all n1, . . . , nd > 0.
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Recall that a standard system of parameters satisfies
ℓR(M/(x
n1
1 , . . . , x
nd
d )M) = n1 . . . nde(x1, . . . , xd;M) + I(M),
for all n1, . . . , nd > 0, where I(M) is an invariant ofM . Almost p-standard systems
of parameters are generalization of standard systems of parameters for the modules
which are not generalized Cohen-Macaulay. Similar to the standard systems of
parameters, the almost p-standard property could be characterized by means of the
notion of d-sequence.
Proposition 3.2. [5, Corollary 3.6] Let x1, . . . , xd be a system of parameters of a
finitely generated module M . The following statements are equivalent.
(a) x1, . . . , xd is an almost p-standard system of parameters;
(b) xn11 , . . . , x
ni
i is a d-sequence on M/(x
ni+1
i+1 , . . . , x
nd
d )M for i = 1, . . . , d and for all
n1, . . . , nd > 0.
Recall that a sequence x1, . . . , xs is a d-sequence on M if (x1, . . . , xi−1)M :
xixj = (x1, . . . , xi−1)M : xj for all 1 ≤ i ≤ j ≤ s. It is a strong d-sequence if
xn11 , . . . , x
ns
s is a d-sequence on M for any n1, . . . , ns > 0.
A local ring has an almost p-standard system of parameters if and only if it is a
quotient of a Cohen-Macaulay local ring (see [7]). Therefore most of local rings in
commutative algebra have an almost p-standard system of parameters.
In the next we have some technical results.
Proposition 3.3. Let x1, . . . , xd be an almost p-standard system of parameters of a
finitely generated R-module M . For 0 ≤ i < j ≤ d, denote I = (xi+1, . . . , xj).
The sequence x1, . . . , xi, x
2
j+1, . . . , x
2
d is an almost p-standard system of parameters of
M/InM for all n > 0.
Proof. Let n1, . . . , nd be positive integers. By [5], xi+1, . . . , xj is an almost p-
standard system of parameters ofM1 = M/(x
n1
1 , . . . , x
ni
i , x
nj+1
j+1 , . . . , x
nd
d )M , in par-
ticular, it is a strong d-sequence on M1. Due to [16, Theorem 4.1], we have
ℓ(M1/I
n+1M1) =
j−i∑
t=0
fj−i−t(I;M1)
(
n+ t
t
)
,
where fj−i(I;M1) = h
0(M1) and for t > 0,
fj−i−t(I;M1) =h
0(M/(xn11 , . . . , x
ni
i , xi+1, . . . , xi+t+1, x
nj+1
j+1 , . . . , x
nd
d )M)
− h0(M/(xn11 , . . . , x
ni
i , xi+1, . . . , xi+t, x
nj+1
j+1 , . . . , x
nd
d )M).
Denote M2 = M/(x
nj+1
j+1 , . . . , x
nd
d )M . The length of the zero-th local cohomology
module is computed in [4, Corollary 4.4] and we have
h0(M/(xn11 , . . . ,x
ni
i , xi+1, . . . , xi+t, x
nj+1
j+1 , . . . , x
nd
d )M)
=h0(M2/((x
n1
1 , . . . , x
ni
i , xi+1, . . . , xi+t)M2)
=
i∑
v=0
n1 . . . nve(x1, . . . , xv; (0 : xv+1)M2/(xv+2,...,xi+t)M2)
+ n1 . . . ni
i+t∑
v=i+1
e(x1, . . . , xv; (0 : xv+1)M2/(xv+2,...,xi+t)M2),
which does not depend on nj+1, . . . , nd ≥ 2 by [4, Proposition 3.2].
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On the other hand, using Lech’s theorem and the definition of almost p-standard
system of parameters 3.1, we have
f0(I;M1) = lim
m→∞
1
mj−i
ℓ(M1/(x
m
i+1, . . . , x
m
j )M1)
= lim
m→∞
1
mj−i
ℓ(M/(xn11 , . . . , x
ni
i , x
m
i+1, . . . , x
m
j , x
nj+1
j+1 , . . . , x
nd
d )M)
=n1 . . . ni
d∑
v=j
nj+1 . . . nve(x1, . . . , xv; (0 : xv+1)M/(xv+2,...,xd)M ).
Replacing nj+1, . . . , nd by 2nj+1, . . . , 2nd, there are integers λ0, . . . , λi, λj+1, . . . , λd
such that
ℓ
(
M/In+1M
(xn11 , . . . , x
ni
i , x
nj+1
j+1 , . . . , x
nd
d )M/I
n+1M
)
=
i∑
v=0
n1 . . . nvλv
+ n1 . . . ni
d∑
v=j+1
nj+1 . . . nvλv,
for all n1, . . . , nd ≥ 1. Therefore, x1, . . . , xi, x2j+1, . . . , x
2
d is an almost p-standard
system of parameters of M/In+1M for all n ≥ 0. 
If R is a generalized Cohen-Macaulay module then almost p-standard systems of
parameters are the same as standard systems of parameters. Particularly they are
unconditioned strong d-sequences. We obtain an immediate consequence of Propo-
sition 3.3 for generalized Cohen-Macaulay rings (compare [15, Theorem 1.2]).
Corollary 3.4. Let R be a generalized Cohen-Macaulay local ring with a standard
system of parameters x1, . . . , xd. Let n > 0. For some 0 < i < d, put I = (x1, . . . , xi).
Then R/In is a generalized Cohen-Macaulay ring and xi+1, . . . , xd is a standard sys-
tem of parameters of R/In.
In particular, if R is a Cohen-Macaulay local ring then R/In is a Cohen-Macaulay
ring and h0I(n) = 0.
Before stating the main theorem of this section, we need one more lemma which
is a key in the proof of the theorem.
Lemma 3.5. Let x1, . . . , xd be an almost p-standard system of parameters of R. For
0 ≤ i < j ≤ d, denote I = (xi+1, . . . , xj). Let t ∈ {1, . . . , i} ∪ {j + 1, . . . , d}. Then
In+1 :R xt = I
n(I :R xt) + 0 :R xt.
Proof. The conclusion is proved by induction on j − i. The conclusion is obvious if
n = 0 or j − i = 0. Suppose j − i > 0. It suffices to show that
In+1 : xt ⊆ I(I
n : xt) + 0 :R xt,
for all n > 0. We have
In+1 = x2i+1I
n−1 + xi+1J
n + Jn+1,
where J = (xi+2, . . . , xj). Taking an element a ∈ In+1 : xt, we write
xta = x
2
i+1a1 + xi+1a2 + a3,
where a1 ∈ In−1, a2 ∈ Jn and a3 ∈ Jn+1. Then
a1 ∈ (xt, J
n) : x2i+1.
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Note that by [5, Proposition 3.4], x1, . . . , xt−1, xt+1, . . . , xd is an almost p-standard
system of parameters of M/xtM . Combining with Proposition 3.3, the sequence
x1, . . . , xi, xi+1, x
2
j+1, . . . , x
2
d (with xt being removed) is an almost p-standard sys-
tem of parameters of R/(xt, J
n). Then
a1 ∈ (xt, J
n) : x2i+1 = (xt, J
n) : xi+1.
We are able to write xi+1a1 = xtb+b2, where b2 ∈ Jn. In particular, b ∈ (xi+1In−1+
Jn) : xt = I
n : xt, since a1 ∈ In−1. Hence
xt(a− xi+1b) = xi+1a
′
2 + a3,
where a′2 = a2 + b2 ∈ J
n. Note that xi+1b ∈ I(In : xt). So we only need to show
that a − xi+1b ∈ I(In : xt) + 0 :R xt, or in other words, from beginning we might
assume without lost of generality that a1 = 0, that is
xta = xi+1a2 + a3.
We have a2 ∈ [(xt, J
n+1) : xi+1]∩ J
n. The induction assumption applying to the
ring R/xtR and the ideal J = (xi+2, . . . , xj) yields
(xt, J
n+1) : xi+1 = J
n((xt, J) : xi+1) + xtR : xi+1.
Hence
a2 ∈ [(xt, J
n+1) : xi+1] ∩ J
n = Jn((xt, J) : xi+1) + (xtR : xi+1) ∩ J
n.
Write
a2 =
∑
k
λkuk + u,
for λk ∈ Jn, uk ∈ (xt, J) : xi+1 and u ∈ (xtR : xi+1) ∩ Jn. We have xi+1uk =
xtvk + wk for some wk ∈ J and vk ∈ (xi+1, J) : xt = I : xt. Thus
xi+1a2 = xt
∑
k
λkvk +
∑
k
λkwk + xi+1u.
Put v =
∑
k λkvk ∈ J
n(I : xt) and w =
∑
k λkwk ∈ J
n+1. We obtain
xta = xtv + xi+1u+ w + a3.
Now, it is worth noting that x1, . . . , xt−1, xt+1, . . . , xd is an almost p-standard
system of parameters of R/xtR due to Proposition 3.2 and [5, Proposition 3.4]. We
obtain (0 :R/xtR xi+1) ∩ J
n(R/xtR) = 0 as being shown in [6, Corollary 3.7], or
equivalently,
(xtR : xi+1) ∩ (xt, J
n) = xtR.
It shows that
u ∈ (xtR : xi+1) ∩ J
n = xtR ∩ J
n.
Let u = xtu
′, then u′ ∈ Jn : xt. So xi+1u = xt.xi+1u′ where
xi+1u
′ ∈ xi+1(J
n : xt) ⊆ I(I
n : xt).
To sum up, we have xta = xi+1a2 + a3 = xtv + xtxi+1u
′ + (w + a3). Then
a− v − xi+1u
′ ∈ Jn+1 : xt = J(J
n : xt) + 0 :R xt.
The last equality holds by applying the induction assumption to J = (xi+2, . . . , xj).
Therefore a ∈ I(In : xt) + 0 :R xt and
In+1 : xt ⊆ I(I
n : xt) + 0 :R xt.

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Corollary 3.6. Keep the notations and assumption as in Lemma 3.5. Let t = 1 if i ≥ 1
or t = j + 1 if i = 0. For each n ≥ 0, we have⋃
s>0
In+1 : ms = In+1 :R xt = I
n(I :R xt) + 0 :R xt.
Proof. By Proposition 3.3, x1, . . . , xi, x
2
j+1, . . . , x
2
d is an almost p-standard system of
parameters of R/In+1. Particularly it is a strong d-sequence on R/In+1. Hence
⋃
s>0
In+1 : ms =
{
In+1 :R x1 if i ≥ 1;
In+1 :R x
2
j+1 if i = 0.
In the second case, following Lemma 3.5, we have
In+1 :R x
2
j+1 = I
n(I :R x
2
j+1) + 0 :R x
2
j+1
= In(I :R xj+1) + 0 :R xj+1
= In+1 :R xj+1.

Let x1, . . . , xd be an almost p-standard system of parameters of R and I =
(xi+1, . . . , xj) for 0 ≤ i < j ≤ d. Let t = 1 if i ≥ 1 and t = j + 1 if i = 0. Denote
In = I
n : xt. We assume in addition that R is unmixed, that is, dimR/p = dimR
for all associated prime ideals p of R. In particular, xt is a regular element of R.
Hence I21 = I2 and I is a reduction of I1. Furthermore, from Lemma 3.5 we get
that InIm = In+m for all n,m > 0. This observation together with Corollary 3.6
show that for all n ≥ 0, In = In1 and
h0I(n) = ℓR(I
n+1
1 /I
n+1).
Therefore h0I(n) is the Rees function of the pair (I, I1) in the sense of [10]. Combin-
ing with the main theorem of Amao in [1] and Herzog-Puthenpurakal-Verma [10,
Corollary 4.7], we obtain the main theorem of this section.
Theorem 3.7. Let R be a quotient of a Cohen-Macaulay local ring. Suppose R is
unmixed. Let x1, . . . , xd be an almost p-standard system of parameters of R. For
0 ≤ i < j ≤ d, let I be the ideal generated by xi+1, . . . , xj . Then there is a polynomial
PI(n) such that h
0
I(n) = PI(n) for all n ≫ 0. Moreover, deg(PI(n)) + 1 is equal to
the dimension of the graded module
⊕∞
n=1 I
n
1 /I
n over the Rees algebra R(I).
Remark 3.8. Let x1, . . . , xd be an almost p-standard system of parameters of R. For
0 ≤ i < j ≤ d, let I be the ideal generated by xi+1, . . . , xj . Suppose AssR ⊆
AsshR ∪ {m}, where AsshR = {p ∈ AssR : dimR/p = dimR} (e.g. R is un-
mixed). Then we have 0 : xt = H
0
m(R) for all t ≥ 1. Set R1 = R/H
0
m(R) and
I1 = IR1. Notice that the image of x1, . . . , xd in R1 is an almost p-standard system
of parameters of R1. Since R1 is unmixed and h
0
I,R(n) = h
0
I1,R1
(n) + ℓ(H0m(R))
for all n ≥ 1, we have h0I,R(n) is of polynomial type. We conjecture that h
0
I,R(n)
is always of polynomial type for general rings. However the proof seems to be
complicated.
As we have discussed before, typical examples of almost p-standard systems of
parameters are standard systems of parameters. The theorem particularly asserts
that if I is an ideal in a generalized Cohen-Macaulay local ring which is generated
by part of a standard system of parameters, then the function h0I(n) is of polynomial
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type. We even have more, the polynomial can be computed in terms of length of
certain local cohomology modules of the ring. This is done in the next part of this
section. For the results on generalized Cohen-Macaulay local rings, we refer to
[17].
From Lemma 3.5, we obtain the following well known property of standard
system of parameters.
Corollary 3.9 ([17], Corollary 2.6 (v)). LetR be a generalized Cohen-Macaulay local
ring. Let x1, . . . , xd be a standard system of parameters of R. Denote I = (x1, . . . , xi)
for some 0 ≤ i ≤ d. Then
In+1 :R x1 = I
n + 0 :R x1,
for all n ≥ 0.
Proof. It suffices to show that In+1 :R x1 ⊆ In + 0 :R x1.
We have In+1 = x1I
n + Jn+1 where J = (x2, . . . , xi). Let a ∈ R such that ax1 ∈
In+1, hence ax1 = x1b + c for some b ∈ In, c ∈ Jn+1. We have a− b ∈ Jn+1 : x1.
Lemma 3.5 applies and we have
a− b ∈ Jn + 0 :R x1.
So a ∈ In + 0 :R x1. 
The case i = d of the following is a well-known result (see [17, Theorem 4.1])
Theorem 3.10. Let R be a generalized Cohen-Macaulay local ring and let I be an
ideal of R generated by i elements, i < d, in a standard system of parameters of R.
Then
h0I(n) = h
0(R) +
i−1∑
t=0
( t∑
j=0
(
t
j
)
hj+1(R)
)(n+ t
t
)
,
where hj(R) is the length of the j-th local cohomology module Hjm(R). In particular,
h0I(n) = 0 if i < depth(R) and deg(h
0
I(n)) = i− 1 if depth(R) ≤ i < d.
Proof. Let x1, . . . , xd be a standard system of parameters of R so that x1, . . . , xi
generate I. Denote R1 = R/x1R and I1 = (x2, . . . , xi)R1 = IR1. The ring R1
is again a generalized Cohen-Macaulay module. Recall that we denote hj(R) =
ℓR(H
j
m(R)) for j 6= dimR and h
0
I,R(n) := h
0
I(n) = ℓ(H
0
m(R/I
n+1)). We first prove
the following claim which is necessary for induction process later.
Claim. h0I,R(n)− h
0
I,R(n− 1) = h
0
I1,R1
(n)− h0(R)− h1(R), for all n ≥ 1.
In oder to prove the claim, we note by using Corollary 3.9 that the mapR/In+1
x1−→
R/In+1 induces the short exact sequence
0 −→ R/(In + 0 : x1)
x1−→ R/In+1 −→ R1/I
n+1
1 −→ 0.
Then the commutative diagram
0 // R/(In + 0 : x1)
x1 //
xi+1

R/In+1
xi+1

// R1/I
n+1
1
xi+1

// 0
0 // R/(In + 0 : x1)
x1 // R/In+1 // R1/I
n+1
1
// 0
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gives rise to an exact sequence
0 −→ ((In + 0 : x1) : xi+1)/(I
n + 0 : x1) −→ (I
n+1 : xi+1)/I
n+1
−→ (In+11 R1 : xi+1)/I
n+1
1 −→ Ker(f) −→ 0,
where f is the multiplication map
R/(xi+1R + I
n + 0 : x1)
x1−→ R/(xi+1R + I
n+1).
We have
ℓ((In+1 : xi+1)/I
n+1) = ℓ(H0m(R/I
n+1)),
ℓ((In+11 R1 : xi+1)/I
n+1
1 ) = ℓ(H
0
m(R1/I
n+1
1 )),
ℓ(((In + 0 : x1) : xi+1)/(I
n + 0 : x1)) = ℓ(H
0
m(R/I
n + 0 : x1))
= ℓ(H0m(R/I
n))− ℓ(H0m(R)),
where H0m(R) = 0 :R x1. Moreover, (xi+1R + I
n+1) : x1 = I
n + xi+1R : x1 by
applying Corollary 3.9 to the ring R/xi+1R and the sequence x1, . . . , xi. Hence
Ker(f) = ((xi+1R+ I
n+1) : x1)/(xi+1R+ I
n + 0 :R x1)
≃ (In + xi+1R : x1)/(I
n + xi+1R+ 0 :R x1)
≃ xi+1R : x1/(xi+1R+ 0 :R x1)
≃ H0m(R/(xi+1R+ 0 :R x1)).
It implies that ℓ(Ker(f)) = ℓ(H0m(R/xi+1R))− ℓ(H
0
m(R)) = ℓ(H
1
m(R)). So the claim
is proved.
The theorem is now proved by induction on i. If i = 1, we have from the claim
h0I(n)− h
0
I(n− 1) = h
0(R/x1R)− h1(R)− h0(R) = 0, hence
h0I(n) = h
0
I(n− 1) = h
0
I(0) = h
0(R) + h1(R).
Assume i > 1. Combining the induction assumption with the claim, we have
h0I(n)− h
0
I(n− 1) =h
0(R/x1R)− h
0(R)− h1(R)
+
i−2∑
t=0
( t∑
j=0
(
t
j
)
hj+1(R/x1R)
)(n+ t
t
)
.
For the generalized Cohen-Macaulay ringR, we have hj(R/x1R) = h
j(R)+hj+1(R).
A simple computation then gives us
h0I(n) = h
0(R) +
i−1∑
t=0
( t∑
j=0
(
t
j
)
hj+1(R)
)(n+ t
t
)
.

In a more general case when I is generated by part of a system of parameters
which is not almost p-standards, we probably expect that the assertion of Theorem
3.7 still holds true for I. Surprisingly, it is not the case. We end with the following
example.
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Example 3.11. By Cutkosky, Ha, Srinivasan and Theodorescu [9, Theorem 2.2],
there exist a regular local ring (A, n) and an ideal I such that h0I(n) is not asymp-
totic to a polynomial. We choose a set of generators of I, say a1, ..., ar. Let S =
A[T1, ..., Tr](T1,...,Tr)+n, we have dimS = dimA+r. Let J = (T1+a1, ..., Tr+ar). It
is easy to check that S/J ∼= A. So J is generated by part of a system of parameters
of S. Since S is regular, we have S/Jn is Cohen-Macaulay for all n.
Consider A as an S-module we have AnnSA = (T1, ..., Tr), so A/J
nA = A/In.
Let n′ = (T1, ..., Tr) + nS, then H
0
n′
(S/Jn) = 0 and H0
n′
(A/JnA) ∼= H0n(A/I
n).
Take the idealization R = S ⋉ A and denote q = ((T1 + a1, 0), . . . , (Tr + ar, 0)).
The ideal q in the local ring R is generated by part of a system of parameters and
R/qn ≃ S/Jn ⋉A/In,
for all n. Let m be the maximal ideal of R we have
ℓ(H0m(R/q
n)) = ℓ(H0n(A/I
n)),
which is not asymptotic to a polynomial in n.
Finally, it should be remarked that the ring R is not a domain. It would be
interesting to find a counterexample to be a domain.
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